Abstract. We show that the well-known fact that the equivariant cohomology of a torus action is a torsion-free module if and only if the map induced by the inclusion of the fixed point set is injective generalises to actions of arbitrary compact connected Lie groups if one replaces the fixed point set by the set of points with maximal isotropy rank. This is true essentially because the action on this set is always equivariantly formal.
Introduction
The relation between the theory of equivariant cohomology and the topology of Lie group actions is most visible in the case of torus actions. For example, a weak version of the famous Borel localisation theorem states that for a sufficiently nice space M acted on by a real torus T , the natural restriction map to the fixed point set H * T (M ) → H * T (M T ) is an isomorphism modulo torsion. Hence, the equivariant cohomology of a torus action encodes much information about the fixed point set and vice versa. However, this is no longer true if we replace T by a general compact connected Lie group G: for the Borel localisation theorem to hold true one must replace M T by M max , the set of points whose isotropy groups have the same rank as G. Our first aim is to shed some light on a different aspect of the same story. In analogy to the torus case, again replacing M T by M max , we prove in Section 4 that the kernel of H * G (M ) → H * G (M max ) is exactly the torsion submodule. On the way we observe that the G-action on M max is always equivariantly formal, thereby answering a question posed by Guillemin, Ginzburg and Karshon [10, Remark C.72] .
The above considerations do not give any information as soon as M max = ∅, that is, the full equivariant cohomology is a torsion module. In order to be able to study such more general actions the notion of Cohen-Macaulay action was introduced in [8] . In Section 2 we recall this definition and some of the basic properties. If one regards the union of lowest-dimensional orbits as a natural substitute for the fixed point set such actions share many of the good properties of equivariantly formal actions.
In Section 5 we generalise the results described above to the stratum of highest isotropy rank: given a G-action on M , we show that if b is the maximal rank of a G-isotropy, then the G-action on the set M b,G of points with G-isotropy rank equal In Section 6 we investigate further the condition of equivariant injectivity of torus actions, i.e., injectivity of H
Preparations
Starting with Section 3, M will always denote a compact differentiable manifold on which either a torus T or a compact connected Lie group G acts. However, in Sections 4 and 5 we encounter associated G-spaces that are not necessarily smooth: for example, we will investigate the action on M max = {p ∈ M | rank g p = rank g}. It is therefore essential to remark that the theory of equivariant cohomology, including central notions like equivariant formality or Cohen-Macaulayness, make sense for more general well-behaved G-spaces, e.g. as in [1, Definition 3.2.4] . In this section we assume (for example) that M is a compact Hausdorff space such that for all connected closed subgroups K ⊂ G we have dim
Here, H * denotesČech cohomology with real (or rational or complex) coefficients, but note that for all spaces occurring in later sections,Čech cohomology coincides with singular cohomology.
The equivariant cohomology of an action of a compact connected Lie group G on M is by definition the cohomology of the Borel construction
The projection EG × G M → EG/G = BG to the classifying space BG of G induces on H * G (M ) the structure of an H * (BG)-algebra. Note that H * (BG) is the ring S(g * ) G of G-invariant polynomials on the Lie algebra g.
Definition 2.
1. An action of a compact connected Lie group G on M is equivariantly formal if H Our general reference for the notion and basic properties of Cohen-Macaulay modules is [2] . Note that the theory for modules over local rings works as well for graded modules over graded polynomial rings in several variables, see e.g. [8, Section 5] .
As for our spaces H * (M ) is a finite-dimensional vector space, it follows from [1, Corollary 4.2.3] that an action of a torus T on M is equivariantly formal if and only if the spectral sequence associated with the fibration ET × T M → BT collapses at the E 2 -term. Traditionally, one would have said that M is totally nonhomologous to zero in ET × T M → BT . This condition in turn is the same as that H *
3. An action of a compact connected Lie group G is equivariantly formal if and only if H *
Proof. If the G-action is equivariantly formal, then H * 
is induced by the trivial one on H * (M ) and the standard one on S(t * ).
The proof of Proposition 2.3 is essentially copied from [10, Proposition C.26 ]. In particular it shows that our definition of equivariant formality coincides with the one given in [10] , hence we have Cohen-Macaulay and there is some point with maximal isotropy rank, i.e., a point p ∈ M with rank g p = rank g.
We will prove below in Proposition 2.7 a statement analogous to Proposition 2.4 for Cohen-Macaulay actions, but before doing so we need an algebraic lemma.
Let A be an S(t * )-module. A representation of the Weyl group W = N G (T )/T of G on the vector space A is said to be an action on the S(t * )-module A if for all f ∈ S(t * ), a ∈ A and γ ∈ W we have γ(f · a) = (γ · f )(γ · a), where the W -action on S(t * ) is the natural one. Proof. As S(t * ) is finitely generated over Proof. If the T -action is Cohen-Macaulay, then H * Consider now an action of a torus T on M . Denoting by b the maximal occuring dimension of a T -isotropy algebra, it is proven in [5, Proposition 5.1] that
Then we have the following equivalent characterisations of Cohen-Macaulay actions:
Lemma 2.9. The following conditions are equivalent for any T -action on M :
(1) The T -action is Cohen-Macaulay.
Proof. The equivalence of (1), (2) and (3) follows from Lemma 2.8 because the depth is bounded from above by the dimension. The equivalence to (4) follows from a graded version of [17, Proposition IV.B.12] since H * T (M ) is a finitely generated S(t * )-module.
Remark 2.10. In contrast to the case of equivariantly formal actions, the LeraySerre spectral sequence of the fibration M → ET × T M → BT associated to a Cohen-Macaulay action can have non-zero differentials in arbitrary high degree. For instance, consider the T n -action on S 2n+1 given by
This action is Cohen-Macaulay (e.g. by [8, Remark 6.3] , as there is a circle S 1 ⊂ T n acting freely such that T n /S 1 acts equivariantly formally on S 2n+1 /S 1 = CP n ) but not equivariantly formal as it does not have any fixed points. Therefore, the spectral sequence does not collapse at the E 2 -term S(t * ) ⊗ H * (S 2n+1 ). Hence, the only possibly nonzero differential d n+1 is in fact nonzero. Proposition 2.12. Let M be a compact T -manifold, and x ∈ t * ⊂ S(t * ) be corresponding to a codimension 1 subtorus T ⊂ T , i.e., ker x = t . If x is H * T (M )-regular then there is an exact sequence
In particular the T -action is Cohen-Macaulay if and only if the T -action is Cohen-Macaulay.
Proof. As we are proving this only for compact T -manifolds, we may use the Cartan model (see [11] ) to compute equivariant cohomology. Since S(t * )/xS(t * ) = S(t * ) multiplication by x induces an exact sequence
By assumption multiplication with x is injective on H * T (M ). Thus the long exact sequence in cohomology splits into short exact sequences and we are done if we can identify the cohomology of (Ω(M )
T because T acts trivially on H * (M ). Since the spectral sequences converge to the cohomologies of the respective complexes we see that the cohomologies of the complexes are isomorphic. Thus, (1) 
Some notations
Consider the action of a compact connected Lie group G on a compact manifold M . In order to simplify notation we will assume that the action is almost effective. For p ∈ M we denote by g p the Lie algebra of the isotropy group G p of p. Following the notation in [3] we set
In Section 5 we will compare M i,G and M i,T , where T is a maximal torus in G, which makes it necessary to include the acting group into the notation. If we are dealing with only one action, however, we will suppress the subscript. We have inclusions
where b is the maximal occuring rank of an isotropy algebra. For any Lie subalgebra k ⊂ g we set
which coincides with the fixed point set of the connected Lie subgroup K ⊂ G with Lie algebra k. For any point p ∈ M k we denote by M k,p the connected component of M k containing p. If G = T is a torus, then each M k is T -invariant. The regular stratum of an action of a torus T is by definition the set of points p such that dim t p is minimal among the dimensions of the occurring isotropy algebras. This open and dense subset of M will be denoted by M reg . Note that (M tp ) reg = {q ∈ M | t q = t p }, and that the manifold M is stratified by the (M tp,p ) reg . The infinitesimal bottom stratum of the T -action is defined as the union of the closed strata, that is, of those M tp,p for which M tp,p = (M tp,p ) reg . Clearly, it always contains the fixed point set M T .
The torsion module for G-actions
Let G be a compact connected Lie group acting on a compact manifold M , and let T be a maximal torus of G. By Proposition 2.4 the G-action on M is equivariantly formal if and only if the T -action is equivariantly formal. In this section we will investigate how equivariant injectivity of the two actions correspond.
We say that a subalgebra h ⊂ g has maximal rank if rank h = rank g. The set of points whose isotropy algebra has maximal rank will be denoted by M max = {p ∈ M | rank g p = rank g}.
Remark 4.1. It is not difficult to find examples of G-actions for which M max is not a smooth submanifold of M . An easy concrete example is the natural SO(3)-action on SU(3)/SO(3) by left translations: a look at the isotropy representation at the origin shows that M max is not smooth at that point.
On the other hand, M max is smooth if G is a torus, as then M max coincides with the fixed point set. Another important example in which it is smooth is the G-action on itself by conjugation as then G max = G.
We will show that for general G, M max in some ways behaves similarly to the fixed point set in case of a torus action. In [10, Remark C.72] the question was posed whether H * G (M max ) is always a torsion-free S(g * ) G -module. We will answer this question positively below in Corollary 4.5.
Lemma 4.2. Let K be a compact Lie group and T be a maximal torus in the identity component
) vanishes for n > 0 and is equal to R for n = 0.
Proof. For connected K this is proven in [13, Section III.1, Lemma (1.1)]. For disconnected K, we reduce to this case by showing that the natural map
, so we need to show that this map is surjective. If k ∈ K is an arbitrary element, then kT k −1 is a maximal torus in K 0 , so there exists g ∈ K 0 with gkT (gk)
For any maximal torus T of G we have
Proposition 4.3. For any G-action on M and any maximal torus T ⊂ G we have
Proof. Consider the natural map f :
As f is G-equivariant, we have f −1 (gp) = gf −1 (p) for all g ∈ G. It follows from Lemma 4.2 that H n (f −1 (p)) vanishes for all n > 0 and is equal to R for n = 0. We consider the Leray spectral sequence of the induced maps on the finite-dimensional approximations of the Borel construction
Although f k G is not a locally trivial fibration, it is shown in [7, Remarque 4.17 .1] that the stalks of the Leray sheaf are given by the cohomologies of the fibers because f k G is a map between compact spaces. Because G acts freely on EG k , we have that
is equal to f −1 (p) and hence acyclic. This implies that the Leray spectral sequence collapses at the E 2 -term with
For each degree i we may choose k such that the i-th equivariant cohomologies T . Under the additional assumption of connectedness of isotropy groups, it is proven in [12] that the whole G-action is determined by the Weyl group action on M T up to equivariant diffeomorphism. Having this fact in mind, the proposition above is not surprising as equivariant cohomology with real coefficients does not see whether isotropy groups are connected.
Corollary 4.5. For any G-action on M , the induced action on M max is equivariantly formal.
Proof. We have
where W is the Weyl group of G. Note that the W -action on
Example 4.6. One important action to which the Corollary applies is the action of G on itself by conjugation. Another way to prove that this particular action is equivariantly formal is to check directly that the restricted action of a maximal torus T is equivariantly formal. We have G T = T , so the T -action is equivariantly formal if and only if dim H * (T ) = dim H * (G). But it is a classical result that the real cohomology of G is an exterior algebra over rank G generators, see e.g. [16, II.2.2.] . For yet another proof of the equivariant formality of the action by conjugation see [11, Section 11.9, Item 6.].
Proposition 4.7. A G-action on M is equivariantly formal if and only if we have
Proof. Choose a maximal torus T ⊂ G. The G-action on M is equivariantly formal if and only if the T -action on M is equivariantly formal, i.e., if and only if dim
. But by Corollary 4.5 the G-action on M max and hence the T -action on M max is always equivariantly formal, i.e., dim
Fixing a maximal torus T ⊂ G, we have M T ⊂ M max . Hence, we obtain the following commutative diagram (see also the proof of Theorem C.70 in [10] ).
In this diagram, the vertical maps are injective, and H *
, which in turn equals the torsion submodule of H * T (M ).
, where Tors denotes the respective torsion submodule.
Theorem 4.9. For any G-action, the following conditions are equivalent:
(
Proof. 
is torsion-free as an S(t * )-module, assume that f ω = 0 for some f ∈ S(t * ) with f = 0 and ω ∈ H * T (M ). But then γ γ(f ) is a nonzero element in S(t * ) W that annihilates ω, which is a contradiction.
The highest rank stratum of G-actions
Consider an action of a compact connected Lie group G on a compact manifold M , fix a maximal torus T of G, and denote by b the maximal occuring dimension of an isotropy algebra of the T -action on M . Recall that by definition M b,T = {p ∈ M | dim t p = b}. As every subtorus of G is conjugate to a subtorus of T , it follows that b is the maximal occuring rank of an isotropy algebra of the G-action.
The results in the previous section are nonvoid only in the case b = rank G. In this section we generalise the results given there to arbitrary b. Recall that for a Lie subalgebra k ⊂ g and a point p ∈ M k , we denote by M 
Proof. We follow the lines of Proposition 4.3. Consider the surjective map
We first show that for q ∈ M tp,p the fiber f −1 (q) is acyclic. If [g, q ] ∈ f −1 (q), then gq = q. The compact Lie algebra g q = Ad g g q contains the two maximal abelian subalgebras t p and Ad g t p , hence there is h ∈ G p such that Ad
Then the induced map on the Borel construction
induces the desired isomorphism in cohomology.
Corollary 5.3. For any G-action on M the induced action on M b,G is CohenMacaulay.
Question 5.6. It would be interesting to know whether there is an Atiyah-Bredon sequence for general G-actions whose exactness is equivalent to equivariant formality respectively Cohen-Macaulayness, see [6, 8] . This sequence would involve the expressions H *
are not explicitly calculable, they are still free respectively Cohen-Macaulay modules, support this conjecture. Is H * G (M i,G , M i+1,G ) always Cohen-Macaulay?
A characterisation of equivariant injectivity
Consider an action of a torus T on a compact manifold M . As before we will denote by b the maximal occuring dimension of a T -isotropy algebra. As there is no danger of confusion we will write M i for M i,T . The goal of this section is to prove an equivalent characterisation of injectivity of the map H * V (p 1 , . . . , p r ) = k i . This also gives a different proof of Lemma 2.8 for compact T -manifolds.
As in [3] we define
We will make use of [3, Theorem 1.(1)]:
). In [3] it is only claimed that this is an isomorphism of vector spaces, but it is an isomorphism of S(t * )-modules as well, as can be seen from the way the isomorphism is constructed: in the diagram on the bottom of p. 260 in [3] , all maps respect the S(t * )-module structure.
The following lemma is well-known. 
